Abstract-In this paper, we present an analytical method to evaluate the quality performance of flexible manufacturing systems with batch operations. By using a Markov chain model, a closed formula to quantify the probability of producing a good part is derived and nonmonotonic properties in quality are investigated.
In flexible manufacturing systems, in order to shorten changeover time, reduce cost, and improve quality, many of them adopt batch productions to reduce product changes. In such systems, different types of products are grouped into batches where all parts in each batch have the same type. The change of product type only occurs after the last job in a batch is processed. For example, in automotive paint shops, vehicles with the same color are often grouped into batches to reduce color changes to improve paint quality. In stamping plants, batch processing is implemented with repeated patterns to reduce changeover cost and associated quality losses. In addition, in many welding operations, the welding quality is strongly coupled with part positioning. Similar examples can be found in flexible machining lines where the locating precision of the flexible fixture is a dominant factor in quality. Again, batch production is observed in such systems to reduce the quality defects introduced by location errors. Moreover, in some engine assembly lines, different types of engines are typically assembled in batch and changeovers occur on hourly basis. These examples suggest that frequent product changes may impact quality and introducing batch production to reduce losses due to quality degradation during changeovers is of importance. Therefore, there is a critical need to fully understand the coupling between flexibility and quality in terms of batch production policies. However, such an important issue is almost entirely neglected. No quantitative method to investigate how batch policies impact product quality is discovered in the current literature. This paper is intended to contribute to this end.
The main contribution of this paper is in the development of a Markov chain model to evaluate the quality performance of a flexible manufacturing system with batch productions (although [15] introduces a Markovian approach for analyzing quality, batch production is not addressed). In addition, monotonic properties are typically expected in many systems. The knowledge of such properties can provide us directions for planning continuous improvement projects. However, it is shown in this paper that such properties may not always hold. In other words, quality performance is not necessarily improved by increasing or decreasing one of system parameters (e.g., batch size). Thus, we focus our effort on investigation of nonmonotonic properties in quality, in order to provide some practical guidance for operation management in flexible systems.
The remainder of the paper is structured as follows: Models and problem formulation are introduced in Section II. Section III is devoted to analysis of a flexible system with batch operations. Section IV discusses the nonmonotonic properties. The conclusions are formulated in Section V. Due to page limitation, all proofs are omitted and can be found in [16] .
II. MODELS AND PROBLEM FORMULATION
Consider a flexible manufacturing system capable of producing different types of products. The following assumptions address the flexible production system, product types, sequence, and quality characteristics. 1) There are n different types of products, denoted as product types 1; 2; . . . ; n. Each product type i is processed in a batch with batch size k i , k i 1. In other words, the machine will work on product type i for k i parts before switching to product type i + 1. After processing product type n, product type 1 is processed again. 2) The flexible system is capable of processing any type of products. The state of the system is defined by its quality status, product type processed and its position within a batch. 5) When the system is in state g n;k , it has probabilities 1n or 101n to transit to states d11 or g11, respectively. Analogously, when the system is in state d n;k , it has probabilities 1n and 1 0 1n to transit to states g11 and d11, respectively. Without loss of generality, we assume 0 < ij < 1, 0 < ij < 1.
Remark 1:
We refer ii , i = 1; . . . ; n, and j+1;j , j = 1; . . . ; n 0 1 and 1n to as the quality failure probabilities. Similarly, ii , i = 1; . . . ; n, and j+1;j , j = 1; . . . ; n 0 1 and 1n are quality repair probabilities. In particular, ii and ii , are the quality failure and repair probabilities without product switch, and ij and ij , i 6 = j , are with product switch. Thus, ij and ij introduce a geometric reliability of system quality.
Let P (gij) and P (dij), i = 1; . . . ; n, j = 1; . . . ; ki, denote the probabilities the system is in state g ij or d ij , respectively. Then, the system's overall quality performance, defined as probability to produce a good part in steady state, is denoted as P (g). We have
Similarly, the probability to produce a defective part P (d) is
The problem to be addressed is: Under assumptions (1)- (5), develop a method to evaluate the quality performance of batch production in flexible manufacturing systems as a function of system parameters and investigate nonmonotonic properties in quality.
Solutions to the above problem are presented in Sections III and IV.
III. PERFORMANCE EVALUATION

A. General Formula
Consider a flexible system with n products, each with k i parts in a batch, i = 1; . . . ; n. Denote P (gij; t) as the probability the system is in state g ij at time t. From assumption (1)- (5), when i = 1; . . . ; n, j = 2; . . . ; k i , we have P (g ij ; t + 1) = P (g i;j01 ; t + 1jd i;j01 ; t)P (d i;j01 ; t) + P (gij; t + 1jgi;j01; t)P (gi;j01; t) = ii P (d i;j01 ; t) + (1 0 ii )P (g i;j01 ; t):
In terms of the steady-state, let lim t!1 P (gij; t) := P (gij); i = 1; . . . ; n; j = 2; . . . ; ki; we obtain
Following the similar procedure, we have:
i = 1; . . . ; n; j = 2; . . . ; ki; P (g i1 ) = i;i01 P (d i01;k )+(10 i;i01 )P(g i01;k ) (5)
P (d 11 ) = (1 0 1n )P (d n;k ) + 1n P (g n;k ) (8) and
A state transition diagram for the case of n = 2 and k1 = k2 = 3 is illustrated in Fig. 1 . To express the above equations in matrix form, we obtain
where matrix A is defined in (11) shown at the bottom of the next page and B = (0; . . . ; 0; 1) T ; (12) X = (P (g11); . . . ; . . . ; P (g n;k ); P (d11); . . . ; P (d n;k )) T :
Then, we can obtain P (g) as follows. Theorem 1: Under assumptions (1)- (5), the probability of good parts P (g) is calculated by
where K = n i=1 k i , and x ij is solved from
and A, B, X are defined in (11)- (13). This formula provides a method to evaluate the quality performance of a flexible manufacturing system with batch productions and enables us to investigate system-theoretic properties, design principles, scheduling, and improvement policies.
B. Equal Products Case
Consider the case where the transition probabilities are identical for all products, denoted as the equal products case, i.e., all ki = k, i = 1; . ..;n, and ii = 11; ii = 11; i = 1; .. .;n; 1n = i+1;i = 21 ; 1n = i+1;i = 21 ; i = 1; ...; n 0 1:
A closed formula to evaluate P (g) can be obtained for this case.
Corollary 1:
Under assumptions (1)- (5) for equal products case, the probability of good parts can be calculated as P(g) = 11 11 + 11 + ( 11 12 0 12 11 )[1 0 (1 0 11 0 (16) is independent of the number of product types, n. The rationale is that since all products are "equal," transitions from product type i to type i + 1, and type n to type 1, are same for all i, i = 1; ...; n 0 1. Thus, it is equivalent to that there are only "two" product types, "1" and "2." Therefore, the quality performance only depends on the batch size k. However, when ij and ij are not same, and k i s are different, the number of products will play a role.
Remark 4:
The introduction of equal products case not only simplifies the analysis, but also has wide practical applications. For example, in body shop, vehicles with different sizes can be processed on the same line. The transition probabilities among different sizes of vehicles, ij 's (or ij 's), are typically similar, and probabilities within each style, ii's (or ii's), are also close to each other. Similar scenario can be observed in flexible machining lines, where the transition probabilities between batches are determined by the location errors of the flexible fixtures, independent of product types, and the transition probabilities within batches are dominated by tooling errors, which are similar for all products. In these cases, analysis of equal products case can be applicable. 
IV. DISCUSSIONS OF NONMONOTONIC PROPERTIES
In this section, using the formulas developed above, we will investigate nonmonotonic properties in quality. Intuitively, monotonic properties are often expected. For example, we may expect that the quality can be improved if quality failure probability is decreased, or repair probability is increased, or batch size is larger. If such properties do not hold, continuous improvement effort based on monotonic intuition may not be effective. Therefore, obtaining the knowledge of these properties could help identify the directions for continuous improvement to achieve better quality. We begin our discussions from equal products case (Sections IV-A-IV-C), then we will extend to more general cases (Section IV-D).
A. Nonmonotonic Properties With Respect to Quality Failure and Repair Probabilities
Although monotonicity with respect to quality failure and repair probabilities are often expected, unexpectedly, experiments suggest that such property respect to 11 and 11 does not hold all the time. Numerical investigation indicates that in most cases, P(g) will decrease or increase with respect to 11 and 11, respectively, i.e., @P(g)=@ 11 < 0 and @P(g)=@ 11 > 0. However, in some extreme cases, opposite results may be observed. Tables I and II present two examples of these counter-intuitive results.
The above examples indicate that nonmonotonicity with respect to 11 and 11 may occur. However, this only happens when both 11 and 11 approach 1, which may seldom happen in real systems. In most practical situations, monotonicity can still be counted on. (5) for equal products, the probability of good parts, P (g), is monotonically:
• decreasing with respect to 12 ;
• increasing with respect to 12.
B. Asymptotic Properties
Since monotonicity with respect to 11 and 11 may not hold when they are approaching 1, we would like to investigate their asymptotic behaviors. For completeness of the study, all limits of 1i and 1i, i = 1, 2, are studied here.
• k :
In the above two cases, monotonic properties with respect to batch size k have been observed. However, nonmonotonic property can be observed in the following cases.
• Case 3: 11 ! 1, 11 ! 1.
-Case 3.1: 12 ! 0, 12 ! 1.
In this case, if the last job in previous batch is good in quality, then due to 12 ! 0, the first job in the current batch will stay in good quality; on the other hand, if the last job in previous batch is defective, then the first job in current batch will change to good quality due to 12 ! 1. Therefore, in either cases, first job is in good quality. Since 11 ! 1, we have the odd number ones approach good quality and even ones defective. As a result, for even batch size, we obtain equal numbers of good and bad quality jobs; while for odd ones, an additional good quality job is obtained compared to bad quality ones within a batch. In other words Following the similar arguments as in Case 3.1, the odd number jobs are defective and even numbers are in good quality, which implies equal numbers of good and bad quality jobs for even batch size, and for odd batch size, one additional bad quality job is obtained. Thus Illustrations of Cases 3.1 and 3.2 are presented in Fig. 2 . Clearly, decreasing or increasing oscillated behaviors have been observed in these two cases, respectively. It also indicates that when jobs are more likely to be in good quality after switch (i.e., 12 ! 0; 12 ! 1), it will oscillate above 0.5, and it is good to keep odd number of batch size. Otherwise, it oscillates below 0.5, and even numbered batch size is preferred.
• Case 4: 11 ! 0, 11 ! 0. -12 ! 0; 12 ! 0. Then, P (g) is approaching 0 or 1 depending on the quality of the first part.
-12 ! 1; 12 ! 1. The system produces all good or all defective batches alternatively. Then, P (g) = 1=2.
-12 ! 1, 12 ! 0. It follows that the state will keep being defective after product switch, i.e., P (g) ! 0. -12 ! 0, 12 ! 1. Opposite situation occurs, P (g) ! 1.
Intuitively we may assume that increasing batch size will improve quality. However, the asymptotic results described above (Case 3) suggest that oscillating behavior exists with respect to batch size k. Thus, we need to understand when oscillation may occur and under what condition monotonicity still holds, so that we can provide practical guidance for operation management. The next subsection is devoted to investigation of this phenomenon.
C. Oscillating Properties With Respect to Batch Size
Let P k (g) denote the probability of producing a good quality part when batch size is k. Then, we obtain P k (g) = 11 ; j = 0; 1; 2; . . . :
After some algebraic manipulation, we obtain the boundary condition (1 0 a 2j ) 0 2ja 2j01 (1 0 a) ; j = 0; 1; 2; . . . : (19) However, such formula does not provide a clear indication on what kind of parameters 1i, 1i, i = 1, 2, leading to oscillation. Therefore, we calculate such boundaries numerically and plot on an a-b plane for different even batch size k (Fig. 4) . As one can see, when a and b are allocated on the left side of these boundaries, oscillation will occur. It is shown that when oscillation occurs, parameter a must be less than the right most value, amax, on the boundary (i.e., at point b = 1). We can view it as a necessary condition for oscillation, or bound for failure and repair probabilities, i.e., 11 + 11 > 1 0 a max : (20) An illustration of such a bound for k = 2 is given in Fig. 4 as the thin broken line. Table III presents these bounds for different batch size k.
In addition, Fig. 4 shows that a is always negative when oscillation occurs. From (19) it is easy to show that in this case b 0 a > 0, i.e., 10(12+12) > 10(11+11). Thus, we obtain another necessary condition or bound for oscillation, as shown in Fig. 4 with the thin solid line 12 + 12 < 11 + 11 :
Hence, inequalities (20) and (21) provide a relative tight bound for oscillation area. Moreover, we observe that the oscillation area is becoming smaller when even batch size k is increasing. This implies large batch size reduces the possibility of oscillation.
Clearly, when parameters a and b (or 1i , 1i , i = 1, 2) are selected that outside of the oscillation area, we always obtain D k+1 < D k , which implies that the monotonicity properties hold. In addition, when batch size k is an odd number, monotonicity can be observed for equal products case: Proposition 2: Under assumptions (1)- (5) for equal products case, define quality efficiency e ij = ij =( ij + ij ), i; j = 1, 2, then:
• P 2j+2 (g) < P 2j+1 (g), j = 0; 1; 2; . .., i.e., monotonically decreasing with respect to odd batch size, if e11 < e12;
• P 2j+2 (g) > P 2j+1 (g), j = 0; 1; 2; ..., i.e., monotonically increasing with respect to odd batch size, if e 11 > e 12 .
2) Increasing Batch Size by Two:
The above results suggest that increasing batch size by 1 may not lead to improvement of product quality. However, when batch size is added by two each time, the monotonicity property can always be observed for equal products case.
Proposition 3: Under assumptions (1)- (5) for equal products case, if batch size is added by two, then the product quality is:
• monotonically increasing, i.e., P k+2 (g) > P k (g), if e 11 > e 12 ; • monotonically decreasing, i.e., P k+2 (g) < P k (g), if e 11 < e 12 .
Thus, for equal products case, when quality efficiency without transition is higher than that with transition, adding two parts in the batch can improve quality, which agrees with our intuition. Otherwise, quality may be downgraded.
Remark 5: In practice, the quality failure probabilities are typically low and the nonmonotonic cases are less likely to happen. Effort should be made to avoid occurring of oscillation scenarios so that quality improvement can be achieved.
D. General Case
For the case of nonequal products, i.e., general case, we investigate the nonmonotonic properties using numerical experiments. Specifically, we select quality failure and repair probabilities ij , ij , number of products n, and batch size ki, randomly and equiprobably from the following sets: n 2f2; 3; 4; 5; 6g ij 2 (0; 1); i;j = 1; ... ; 6 ij 2 (0; 1); i;j = 1; ... ; 6 ki 2f2; 3; 4; 5; 6g:
For a given set of n, ij , ij , and k i , quality performance P (g) is calculated and sensitivities to these parameters are investigated. More than 1 million examples are generated for numerical experiments. The percentages that nonmonotonic with respect to quality failure/repair probabilities, and batch size are summarized in Tables IV and V, respectively. From these results, it is clear that the nonmonotonic properties are observed in all scenarios. We observe the following.
• In general, the percentages nonmonotonic cases occur are typically small. • The nonmonotonic percentage increases with respect to number of products.
• Adding batch size by two leads to significantly smaller percentage of nonmonotonicity compared with adding batch size by one. • In addition, the conditions for nonmonotonic scenario with respect to quality failure and repair probabilities are similar. In other words, the parameters that results in nonmonotonicity to ii (or ij ) will most likely lead to nonmonotonicity to ii (respectively, ij ).
• Moreover, by analyzing the quality performance with respect to batch size k, we discover that larger batch size leads to smaller percentages of nonmonotonic cases. By carefully analyzing the cases that monotonicity does not hold, we conclude that when these cases are observed, the system parameters typically satisfy at least one or more of the following.
• Quality efficiency is low, i.e., eij < 0:5, i; j; = 1; . . . ; 6.
• Quality failure probability is high, i.e., ij > 0:5, i; j = 1; . . . ; 6.
• Quality repair probability is low, i.e., ij < 0:5, i; j = 1; . . . ; 6. In practice, cases satisfying above conditions seldom happen. This implies that in most practical environment, monotonicity can be expected. However, in the cases of very low quality efficiency, or high failure probability, or low repair probability, more attention is needed in the continuous improvement procedure to avoid any negative impact from possible nonmonotonicity.
V. CONCLUSION
In this paper, an analytical method based on Markov chain model is presented to evaluate the quality performance in a flexible manufacturing system with batch productions. Closed formulas to evaluate quality performance are derived and it is also shown that when quality failure probability is relatively high, or repair probability is low, or quality efficiency is significantly low, monotonicity may not hold. In addition, more nonmonotonic cases are discovered when increasing buffer size by one compared with increasing by two. Thus, extra care is needed when carrying out continuous improvement project to avoid possible negative effect due to them. Therefore, appropriate design of batch policy in flexible manufacturing system is important to maintain good product quality.
